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Abstract In this paper, we extend some estimates of the
right-hand side of a Hermite-Hadamard-Fejér type
inequality for functions whose first derivatives’ absolute
values are convex. The results presented here would pro-
vide extensions of those given in earlier works.
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Introduction

Definition 1 The functionf : [a,b] C R — R is said to be
convex if the following inequality holds

JOx+ (1= 2)y) <A (x) + (1 = A)f ()

for all x,y € [a,b] and A € [0, 1]. We say that f is concave
if (—f) is convex.

The following inequality is well known in the literature
as the Hermite-Hadamard integral inequality (see, [2, 4]):
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(1.1)

(50 <y [ om0

where f : I C R — R is a convex function on the interval /
of real numbers and a,b € I with a<b.

n [1], Dragomir and Agarwal proved the following
results connected with the right part of (1.1).

Lemma 1 Let f:I° CR — R be a differentiable map-
ping on I°, a,b € I° with a<b. If f' € L[a, D], then the
following equality holds:

o+ _a/f 1 - 20

0
(ta + (1 = 0)b)dr. (12)

Theorem 1 Let f:I°CR —R be a differentiable
mapping on I°, a,b € I° with a<b. If |f’| is convex on
[a, b], then the following inequality holds:

(F' @)l +1f' (B)])-

a)+ b —a
’f( ) zf(b) ; 1 al F(X) / (b )

Theorem 2 Let f:I°CR — R be a differentiable
mapping on I°, a,b € I° with a<b, f' € L(a,b) andp > 1.
|P/(P

If the mapping |f'[”/?~") is convex on [a, b], then the fol-
lowing inequality holds:

@+f®) 1 ' b-a
lf 2 b_a/af( )dlgz(pﬂ)l/p "
y (lf/(a)”/( 42r[f’( b/ 1>(P—l>/p. :

The most well-known inequalities related to the integral
mean of a convex function are the Hermite—Hadamard
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inequalities or its weighted versions, the so-called Her-
mite-Hadamard-Fejér inequalities (see [5-14]). In [3],
Fejer gave a weighted generalization of the inequalities
(1.1) as the following:

Theorem 3  f : [a,b] — R be a convex function, then the
inequality

(59 [

fla) +£(b) [°
Sf/a w(x)dx

(1.5)

holds, where w : [a, b] — R is nonnegative, integrable, and

symmetric about x = 42,

In [5], some inequalities of Hermite—-Hadamard—-Fejer
type for differentiable convex mappings were proved using
the following lemma.

Lemma 2 Let f:]° C R — R be a differentiable map-
pingonl°,a,b € I° witha<b,and w : [a,b] — [0,00) be a
differentiable mapping. If f' € L[a, b], then the following

equality holds:
xX)dx — / f(x)
(b—a)’

f(a) +/(b) )+f( /
= /lp(t)f'(ta + (1 —1)b)dt

0

(1.6)

for each ¢ € [0, 1], where

p(t) = /t w(as + (1 —s)b)ds — /Otw(as + (1 —s)b)ds.

In this article, using functions whose derivatives’
absolute values are convex, we obtained new inequalities
of Hermite—Hadamard—Fejer type. The results presented
here would provide extensions of those given in earlier
works.

Main results

We will establish some new results connected with the
right-hand side of (1.5) and (1.1). Now, we prove our main
theorems:

Theorem 4 ILet f:I°CR — R be a differentiable
mapping on I°, a,b € I° with a<b and let w: [a,b] — R
be continuous on [a, b]. If || is convex on [a, b], then for
all x € [a, b], the following inequalities hold:
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‘ ( /b W(S)d3> “f (b) - ( ] W(S)dS) “f(a)
-/

< ||W||f;zx]oc { V (a)’

o—1
w(s)ds) w(n)f (¢)dt

(x . a)ac+2

o+2

(=) (b=x)

b—a a1

V(l’| (x—a)** }

R (a4 1)(a+2)

. @] p-x*
+||W||[x,b],oo{ b—a (0(+1)(O(+2)
el [ (b—

zx+1 o2
b—
) x—a), (b-)

}

b a o+1 o+2
W lagoo 100 o [x—a)* (b—x)
_(hm){vaa+l
(b_x)a+2 (x_a)oc+2
(a+1)(+2) o+2
, (b_x)ot+l(x_a) (x_a)c{+2 (b_x)ot+2
+V(b)|[ o+1 (0+1)(+2) o+2
where o > 0 and ||w|| = sup |w(z)|.
Proof By integration bytegﬂts, we have the following
equalities:
b t o
/ / w(s)ds | f (t)dr
¢ o b b ' o—1
= /w(s)ds S —oc/ /w(s)ds w(t)f (t)dt
b o a o
| [wesas | s0) = | [wiors ) sta)
X , t o X
—oc/ /w(s)ds w(t)f (t)dt (2.1)
we find that
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1

[

X

1

[

a X

A

Voo

X

) If (1)t
X b

<l [ = Ol Il [ =2} 1)

a X

5 r ol b=t t—a
_”WH[a,x],oo [/(X—l) P(b—aa—’_b—ab) dt]

b
o ul s b=t t—a
il [ [l Gt =

X

. F@l[a-a - (-a*
ot et e

@) (x—a)*
T —a i D1 2)

. @] -0
+||w|[x,h],:>o{ b—a (0(—|—1)(O(+2)

I ®)]|(—x)"" (x—a)  (b—x)*"
+b—a a+1 + o+2

}

||W||?a,h],oo / (x—a)"(b—x)
Sw{ If (a)] [—

a+1
N (b_x)oc+2 (x_a)ochZ
(a+1)(a24+2) a+2
, (b—x) " (x—a) (x—a)"?  (b—x)""*
+lf(b)|[ a+1 (0+1)(x+2) o+2 }

for all x € [a, b]. Hence, the proof of theorem is completed.

Corollary 1 Under the same assumptions of Theorem 4
with w(s) = 1, then the following inequality holds:

b
(b—x)f(b) — (a—x)f(a) —a / (1= f (1)

1 , (x_a)oc+1(b_x) (b—x)dJrZ
S(b_a){v(a)\[ il @ )(2)
(x a)oc+2
+ o+2
| b=y (x—a) (-  (h—x)"
+V(b>|l 2t (et D(@+2)  a+2 }
(2.2)

for all x € [a, b].

Remark 1 1If we take « =1 and x:# in (2.2), the
inequality (2.2) reduces to (1.3).

Corollary 2 (Fejer Type Inequality) Under the same
assumptions of Theorem 4 with « = 1, then the following
inequalities hold:

‘f(b)/bW(S)dHf(a)/xW(S)ds—/bW(t)f(t)dt

(x—a)2(3b—2a _‘x) HW||[(1.)(]‘OO+||W||[x‘h],oo(b_x)gj
6(b—a)

<|f(a)|

(b=2)*(x—=3a=2D) W]l 00+ (x = @)’ ],
6(b—a)

a,x],00

+f )]

—a2 — 44— X —x3
<V’<a>|[(x )(3b—2a—x) + (b—x)

6(b*a) ] ||W||[a,h].oo

o) [(”‘x’ e “x‘“’} Wl

which is proved by Tseng et al. in [8].

Corollary 3 (Weighted Trapezoid Inequality) Let w:
la,b] — R be symmetric to “f2 and x = %2 in Corollary 2.

Then the following inequalities hold:

ﬁ @ Springer



Math Sci

b

920 g

—a 2 !
< % |:5||W||Ta#]oo+||w|‘g[’#b]oo:| lf (a)|

)f(¢)dt

—T

o (191 o5 s .| 0

sw—@mw%%m(ﬁﬁlgﬁﬁﬂ)

which is proved by Tseng et al. in [8].

Theorem 5 Let f:I°CR — R be a differentiable
mapping on I°, a,b € I° with a<b and let w: [a,b] — R
be continuous on [a, b]. If |f'|? is convex on [a,b], ¢ > 1,
then for all x € [a, b], the following inequalities hold:

‘ ( /b W(S)dS> mf(b)— ( / (s )d5> af(a)

x

([

(x a) IHW”[aaoo (b_a)z—(b—)C)z /a q (x—a)2 / q !
= 1) ( y Sl V(b)|>

1

‘(bfx)“-*—’l)HW”Ex’b],oo (b—x)2 '(a q,(h—a)z—()C—a)2 ! q)"
| (b—a>é<ap+1>%< VOl

HW”ailboc o+l
—%{(X—a)%’
(b—a)i(op+1)

x<(” a)’~
- ({" L)y gy =) ) V’(b)!"Dq}

where o > 0, [+ 2 =1, and [|w|| ;= sup |w(7)].
t€(a,b]

Proof We take absolute value of (2.1). Using Holder’s
inequality, we find that

v<|'xj)WwO

‘.
Y A
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Since |f (1)
(=22

From (2.3), it follows that

|q is convex on [a, ]

a b—1t,, q t—a,. q
Smlf(a)| +b— If ()]

X (f rarsarer] )
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(=)l (b=l == 5= 5
e (e e Ol

b ) lwll 0%, —a)y’—(x—a)® 4, 4 ’
(=) lwhthm({(”z 1 ()4 2=4) 2( i) D

(b—a)i(op+1)

”WH[ah

T A
For)

—x)? q —a)—(x—a)?, , q g
+(bx)“*l"<[(b2) I (a)|*+ =2 2( Lir ) D }

which this completes the proof.

Corollary 4 Under the same assumptions of Theorem 5
with w(s) = 1, then the following inequalities hold:

b
(b—2)"(B)— (a—x)f(a)— / (t—x)""

(xfa)Hll'

<(b a) —
T (b—a)i(ap+1) 2

g @+ 52 b’wﬂq)q

1

b—x)*" b—x)? 4 ba —(x—a) !
e (O e

(b—a)i(op-+ 1)

—x 2 , q
Slll{(x—a)wr (Mz(b)v (a)‘

(b-a)(ap+1)

1

) )

+(b_x)a+,‘,<|:(b2)€) V,(a)rl—'r(bia) ;(Xfa) lf,(b)|q:|>'4

(2.4)

Corollary S Let the conditions of Corollary 4 hold. If we
take a =1 and x = # in (2.4), then the following
inequality holds:

_ b-a <3V'(a)\q+[f’(b)yq>5+ <[f(a)\‘Urzz[f’(b)\q>é
T4(pt1y 4 4 '

Corollary 6 (Fejer Type Inequality) Under the same
assumptions of Theorem 5 with « = 1, then the following
inequalities hold:

b X

56) [ws)as+10) [ wis)as— / w(r)f (1)

X a

(=) W]l 0 ((ba)z(bx)z -
< 1 1 a
T -a)i(pt1y 2 /@

X*azr t/é bixlﬁl)w‘(oo 7X21 q
el 2)V(b>|>+( i 2 (“’2) f (@)

(b—a)(p+1)

(b_a)z_(x_a)z / Q>$ ”W”[a,b]oo 141

Hm O Emal pye) < etk [,
) S G

(b—a)’—(b—x*,, a, (x=a) ¢\’
X<2V(a)|+ 5 V(b)‘>

—er q —az—x—a2, q %
+(bx)1+l<[(b2 Pl a4 Cm 0l D }

Corollary 7 (Weighted Trapezoid Inequality) Let w:
[a,b] — R be symmetric to 452 and x = %} in Corollary 6.

~i—

Then the following 1nequahtles hold:

b b
’L) ) / w(s)ds — / w(t)f (1)dr
[

(t
b—ay 3/ @[+l o))
< 1 ”WH a,ﬂ”],oo 4
4(p+ 1y ’
vl (V(@\ +43lf(b)\ )}
<<b—a ||w||ab { !W !q)”

(v oIk +3v |">1

‘.
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Theorem 6 Let f:I°CR — R be a differentiable
mapping on I°, a,b € I° with a<b and let w: [a,b] — R
be continuous on [a, b]. If |f'|? is convex on [a,b], ¢ > 1,
then for all x € [a, b], the following inequality holds:

b o« a *

[wisias | 16~ | [ wisras ) sia)
—gf /wmw alwvmm

1
< (b _a)qHW”[[Xa,b],oo |:(x
 (ap 1)

X(V@W+M@Mﬁé
2

where o >0, L +1 =1 and ||w|_ = sup |w(?)].
b tela,b]

Proof We take absolute value of (2.1). Using Holder’s
inequality and the convexity of V'{q, we find that

— a)“pH—l-(b —x)%p’q];

b o« a «

[was ) 1)~ | [wias | st

X X

b ¢ oa—1
y /
a

/ w(s)ds w(t)f (¢)dt

b N i
< //W(s)ds dt /Lf’(z)|th

X

1
P b

b
M “ b—t,,
<l | fl=arae) { [ [=eb @
a

a

—a gl N (b= @)l
2 )] ar) - 1)[%14 =

Ho—a) (W) "

a)ocp+1
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which this completes the proof.

Corollary 8 Under the same assumptions of Theorem 6
with w(s) = 1, then the following inequality holds:

b
/z—x7
 (b-a)

1] [(x_a)d[?+l+(b_x)fxp+l:|l <lf } Hf ’q)q

T (ap 1)

(b —x)’f(b) — (a —x)’

(2.5)

Remark 2 Let the conditions of Corollary 8 hold. If we
take o =1 and x = # in (2.5), then the inequality
becomes the inequality ( 1.4).

Corollary 9 (Fejer Type Inequality) Under the same
assumptions of Theorem 6 with « = 1, then the following
inequality holds:

b X

f(b)/W(s)ds +f(a)/w(s)ds_/b

X a

w(2)f (¢)dt

(b — @yl wl e
<——(x
B (p+1y [(

(lf !q+lf |q>"

Corollary 10 (Weighted Trapezoid Inequality) Let w :

[a,b] — R be symmetric to 4t and x = 22 in Corollary 9.

—ay ]

Then the following 1nequahty holds:

b b

M/w(s)ds—/w(f)f(f)dt

<(b—®WMmmw<V@W+V@W>;
T 2(ply 2 '

Theorem 7 Let f:I°CR — R be a differentiable
mapping on I°, a,b € I° with a<b and let w : [a,b] — R
be continuous on [a, b]. If |f'|? is convex on [a,b], ¢ > 1,
then for all x € [a, b], the following inequality holds:




< ”W”?a,b],oo
> 1
(4 1) (o +2)s(b —

x (((cx+ (b —a)(x — a) " +(b — x)
(= ay (6= 0] ) I (@)
e+ Db -a)b -+ x - a)

[(x _ a)“+1—|—(b _ x)oﬂ-lbv/(bnq)é

where o > 0, T+ 2 =1, and [|w|| = sup |w(7)].
t€(a,b]

Proof We take absolute value of (2.1). Using Holder’s

inequality and the convexity of V’ !q, we find that

‘ ( / w(s)ds) df(b) - ( / w(s)ds) af(a)

If () \th)

— / ( / w(s)ds) vt
b 117 b
< Il ( / |rx|“dz> ( Ji-s =t @r

t

I

X

o /l) }{r
dt> (/

< ( /h / w(s)ds

a X

o+ 1

x a)oc+2 , 4

(( T
a+2 q (b*X)HZ , p
+(oc+1 a+2> (®)] +((a+1)(1+2)>lf(a)}

X a b X oc+1 b X oa+2 , i
+ ) e
41 o+2

. IR
Tt )(oc+2b)< (=)
><(< (e +1)( a)" ' +(b—x)

[(x—ay ™'+ (b—x)““})wcz)r’
+(@+Db-a) b -0 +(x-a)

[(x— a)ac+1+(b _x)oz+l:| ) lf/(b)|q)6

1 _aa+1 _x1+1 1%
v "wb)y]dr)fnwnab] ((x Sy )

which this completes the proof.

Corollary 11 Under the same assumptions of Theorem 7

with w(s) = 1, then the following inequality holds:
b

(b =2 (0) ~ (a = 07f(@) = [ (1= 27" o)

a

1 atl ot ;
S(a+1)(u+z>5(b—a);((x“) #o o)
X (((a+ (b - a)(x —a) " +(b - x)

=0y 46— ) [ @)

@+ )= @b -9+ -a)

[(x (b — x)m} ) V/(b)\q)?

(2.6)

Corollary 12 Let the conditions of Corollary 11 hold. If

we take a =1 and x = # in (2.6), then the following
inequality holds:

b
’/(“) O [rwar
_(b-a) ([f’(a)|q+[f/(b)|q>z'
- 4 2

Corollary 13 (Fejer Type Inequality) Under the same
assumptions of Theorem 7 with oo = 1, then the following
inequality holds:

b X b
f(b)/ w(s)ds +f(a)/w(s)ds7/w(t)f(t)dz
Wl .00 ;

< (20— a)x =+ =[x = )+ = 2’| ) [ (@)
+(20- )b -+ - ) - 0+ 6 -] ) )

Corollary 14 (Weighted Trapezoid Inequality) Let w :
[a,b] — R be symmetric to <2 and x = %52 in Corollary
13. Then the following 1nequa11ty holds:

b b
’/(a)%(b)/w(s)ds—/w(t)f(t)dt

a

(o= aP (v @l ®) |q>“

= 4

‘.
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@ Springer



Math Sci

Open Access This article is distributed under the terms of the
Creative Commons Attribution License which permits any use, dis-
tribution, and reproduction in any medium, provided the original
author(s) and the source are credited.

References

1. Dragomir, S.S., Agarwal, R.P.: Two inequalities for differentiable
mappings and applications to special means of real numbers and
to trapezoidal formula. Appl. Math. Lett. 11(5), 91-95 (1998)

2. Dragomir, S.S., Pearce, C.E.M.: Selected topics on Hermite—
Hadamard inequalities and applications. Victoria University,
RGMIA Monographs (2000)

3. Fejer, L. Uber die Fourierreihen, II. Math. Naturwiss. Anz
Ungar. Akad. Wiss. (Hungarian) 24, 369-390 (1906)

4. Pecari¢, J., Proschan, F., Tong, Y.L.: Convex functions, partial
ordering and statistical applications. Academic Press, New York
(1991)

5. Sarikaya, M.Z.: On new Hermite Hadamard Fejer type integral
inequalities. Stud. Universit. Babes Bolyai Math. 57(3), 377-386
(2012)

6. Sarikaya, M.Z., Erden, S.: On the weighted integral inequalities
for convex function. RGMIA research report collection. 17(70),
10 (2014)

Y4
ﬁ @ Springer

10.

11.

12.

13.

14.

. Sarikaya, M.Z., Erden, S.: On the Hermite—Hadamard-Fejér type

integral inequality for convex function. RGMIA research report
collection. 17(69), 12 (2014)

. Tseng, K.-L., Yang, G.-S., Hsu, K.-C.: Some inequalities for

differentiable mappings and applications to Fejer inequality and
weighted trapezoidal formula. Taiwan. J. Math. 15(4), 1737-1747
(2011)

. Hwang, S.-R., Tseng, K.-L., Hsu, K.-C.: Hermite—Hadamard type

and Fejér type inequalities for general weights (I). J. Inequal.
Appl. 2013, 170 (2013)

Wang, C.-L., Wang, X.-H.: On an extension of Hadamard
inequality for convex functions. Chin. Ann. Math. 3, 567-570
(1982)

Wasowicz, S., Witkonski, A.: On some inequality of Hermite—
Hadamard type. Opuscu. Math. 32(2), 591-600 (2012)

Wu, S.-H.: On the weighted generalization of the Hermite—
Hadamard inequality and its applications. Rocky Mt. J. Math.
39(5), 1741-1749 (2009)

Xi, B.-Y., Qi, F.: Some Hermite—-Hadamard type inequalities for
differentiable convex functions and applications. Hacet. J. Math.
Stat. 42(3), 243-257 (2013)

Xi, B.-Y., Qi, F., Hermite—-Hadamard type inequalities for func-
tions whose derivatives are of convexities. Nonlinear Funct.
Anal. Appl. 18(2), 163-176 (2013)



	Some inequalities associated with the Hermite--Hadamard--Fejér type for convex function
	Abstract
	Introduction
	Main results
	Open Access
	References


